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Abstract 
Given a commutative Noetherian ring R, there is associated with each homomorphism 
4 : F + E between finitely generated free R-modules, a Koszul complex W(4) over the symmet- 
ric algebra of E. As a complex of R-modules, W(d) splits into direct summands of complexes 
W,,(4) for each integer p. For rank F 2 rank E, we obtain an upper bound for the degrees of the 
non-vanishing homology modules of W,(4) in terms of the grades of the Fitting ideals of 
Coker 4, provided the grade of the 0th Fitting ideal is at least (rank F - rank E + 1) . 
0. Introduction 
Let R denote a commutative Noetherian ring with a unit, and suppose that F and 
E are finitely generated free R-modules of ranks n and d, respectively. We shall study 
for n 2 d, the Koszul complex W(4) of an R-linear homomorphism 4 : F + E [2,2.C.]. 
As a complex of R-modules W(4) splits into direct summands of complexes W,(4) for 
each integer p. The following is a well-known result. 
Theorem [2,3]. If the grade of the 0th Fitting ideal of Coker 4 is at least n - d + 1, 
then 
Hi(W,(+)) = 
(fi Coker $*)* if i = p, 
o 
otherwise, 
whenever i > 0 and p I n - d. Moreover, H,(W,(~)) = 0 whenever i > (d - 1) and 
p>n-d+l. 
The condition requiring the grade of the 0th Fitting ideal of Coker 4 be at least 
n - d + 1 implies that either the grade is exactly n - d + 1, or the ideal is equal to R. 
This follows from the Eagon-Northcott bound [2, Theorem 2.11. 
Suppose that the grade of the 0th Fitting ideal of Coker 4 is at least n - d + 1. In 
this case, we shall associate to 4 the canonical +-sequence. This is a non-decreasing 
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sequence n = (nr , . . . , PI,,) of d-integers. The sequence n is determined by the grades 
of the Fitting ideals of Coker 4. Let k denote the number of equalities occuring 
amongst 
nl ~2 “. 5 nd. 
In this paper, we show that H,(D6,(+)) = 0 whenever * > k and /A 2 n - d + 1. The 
proof of this result for k = 0 is given in [S]. The interest in this result stems from our 
investigation of Hochschild (co)homology of global deformations between affine 
spaces. In [S], we describe the Hochschild cohomology in terms of the homology of 
the complexes W,(d), where 4 is the linear homomorphism defined by the Jacobian of 
the deformation. 
Some brief comments about notation. The ring RP is the localisation of R at a prime 
ideal P. Tensoring a complex 
of R-modules with Rp, yields the complex [FP = [F @s RP of R,-modules. We use the 
symbols r\i A4 and S,(M) to denote the exterior and symmetric powers of an R-module 
M. In this paper 8 = &. 
The grade of an ideal I in R is denoted by grade(Z). If I # R, then grade(l) is 
the length of a maximal R-regular sequence in I. If I = R then grade(l) = co by 
convention. We use [2] as the primary reference for the Koszul complex of a 
linear map. 
1. The Koszul complex of a linear map 
Let R denote a commutative Noetherian ring with a unit. Suppose that F and E are 
finitely generated free R-modules of ranks n and d, respectively. The natural 
homomorphism 
F* Q E + Hom,(F, E) 
is an isomorphism. Hence, each R-linear homomorphism 4 : F --) E may be viewed as 
an element of F* 0 E. We regard E as the degree 1 homogeneous part of the 
symmetric algebra S(E) of E. Thus 4 can be considered an element of 
F* 63 S(E) z Hom&F @I S(E), S(E)). 
Regarding #J as an S(E)-linear form on 
P=FB~(E) 
gives rise to a Koszul complex ([l, Section 91) 
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and the map 8:Ai’i E‘ + Ai E is given by 
i+l 
8(X, A **. A Xi+l) = C ( -I)‘+‘$(Xj)Xl A .‘. A jZjA ... A Xi+l. 
j=l 
As a complex of R-modules W(4) splits into the direct summands 
for each integer p. The Koszul complex W(4) inherits a natural grading from the 
symmetric algebra S(E). Accordingly, 8 has degree 1, and moreover, the complexes 
W,(4) are just the homogeneous components of W(4). 
We denote by It($) the ideal generated by the t-minors of a matrix representing 4. 
The ideal I,($) is just the (d - t)th Fitting ideal of Coker 4. 
Let 4 be an R-linear homomorphism as above with n 2 d. Suppose that 
n = (n,, . . . , nd) is a sequence of d-integers. We say that n is a &admissible sequence if 
(i) nl = n - d + 1, 
(ii) grade(Z,,_((4)) 2 ni+ 1, i = 0, . . . , d - 1, 
(iii) ni I ni+ 1 I ni + 1, i = 1, . . . ,d - 1. 
If n 2 d and grade(Z,(4)) 2 n - d + 1, then the following construction will yield 
a &admissible sequence n = (nl, . . . , nd). Set nl = n - d + 1 and define 
I ni + 1 ni+i = if grade(Z,_i(r$)) > ni, ni otherwise 
for i = 1, . . . , d - 1. The resulting sequence n = (nl, . . . ,nd) is the canonical &se- 
quence. The following is our main result. 
Theorem 1.1. Assume C$ is an R-linear homomorphism as above with n 2 d and 
grade(Z,(+)) 2 n - d + 1. Zf n = (n,, . . . ,nd) is a +-admissible sequence and k is the 
number of equalities occurring amongst 
n, I ... I nd, 
then H,(K,(r$)) = 0 whenever * > k and p 2 n - d + 1. 
Remark. We may, in Theorem 1.1, take for n the cannonical &sequence. This will 
yield the least possible k. 
2. The proofs 
Lemma 2.1 [4, Corollary 4.21. Assume 
IF=O+F,,,-+F,,_, ..a +Fl-+Fo 
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is a complex ofjnitely generated free R-modules. If Fp is exactfor each prime ideal P in 
R with grade(P) < m, then IF is exact. 
Lemma 2.2. Assume 4 and 4’ are R-linear homomorphisms betweenjnitely generated 
free R-modules. If 4’ is an isomorphism, then 
H*W,(4)) 2 H*W,(4 0 4’)) 
for each p. 
Proposition 2.3. [S, Theorem 3.81 Assume C$ is an R-linear homomorphism as above 
with n 2 d. Zf grade(lamt(4)) 2 n - d + 1 + t for t = 0, . . . ,d - 1, then the complex 
W,,(4) is exact whenever p 2 n - d + 1. 
Proof of Theorem 1.1. We proceed by induction on k. If k = 0, then 
nl < “’ < nd. 
Since n1 = n - d + 1 one has 
grade(l,_,(dr))>n-d+l+t, t=O,...,d-1. 
It follows by Proposition 2.3 that W,(4) is exact whenever p 2 n - d + 1. Hence 
H&6,,(~)) = 0 whenever * > 0 and p 2 n - d + 1. This proves the base case. 
Let N be a fixed integer 2 1. We may suppose by induction, that the theorem is 
valid whenever k 5 N - 1. Let n = (nl, . . . , nd) be a &admissible sequence with 
exactly N equalities occurring amongst 
In particular, N I d - 1, nd = n - N, and d 2 2. 
Set 
j= O 
{ 
if nd-i = nd, 
max{r: nd_, < VS. < nd} otherwise. 
We shall prove that theorem holds for k = N, by inducting on j while keeping N fixed. 
Suppose j = 0. Let P be a prime ideal in R with grade(P) I n - N - 1. Since 
grade(lt($)) 2 nd, there is some l-minor of 4 which does not lie in P. Consequently, 
we obtain a matrix representation over RP of the localization & of I#I at P, which has 
the form 
1 0 
( > 0 4; ’ 
where $lp is a (d - 1) x (n - l)-matrix. 
Since It(&) = I,+ 1 (&) for t = 1, . . . , d - 1, it follows that 
srad4M&4) = gradc(A+ I(&)) 2 grade(I,+i($)) 2 nd-r. 
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It is now easy to see that the sequence n’ = (nr , . . . , nd_ 1) iS a &-admissible sequence. 
Since j = 0 one has nd = nd- 1. Hence, there are exactly N - 1 equalities amongst 
nl I “- snd-1. 
Applying the inductive hypothesis with k = N - 1 to the &admissible sequence 
n’ = (ni, . . . , n,+ r), gives H*(KJ&)) = 0 whenever * > N - 1 and p 2 n - d + 1. By 
Lemma 2.2 
~*Wd4) = DEW,) = H*(K,(q%). 
Therefore, H,(K,(+),) = 0 whenever * > N - 1 and /.J 2 n - d + 1. Consequently, 
the complex obtained by truncating W,,(4) at degree N (i.e. dropping the modules 
in degree < N) is exact locally at each prime ideal P with grade(P) 5 n - N - 1. 
The length of the truncated complex is at most n - N, so it follows by Lemma 2.1 
that it is exact. In other words, i?,(Dd,,($~)) = 0 whenever * > N and p 2 n - d + 1 
as required. 
We may suppose by induction, that the theorem holds for each $-admissible 
sequence n = (ni, . . . , nd) with exactly N-equalities occurring amongst 
and having j = M - 1 for a fixed integer M 2 1. Suppose that n = (nI, . . . , nd) is 
a +-admissible sequence with exactly N equalities occurring amongst 
and having j = M. It remains to prove that the theorem holds for II. Let P be a prime 
ideal in R with grade(P) I n - N - 1. Since grade(ll(cj)) 2 nd = n - N, there is some 
l-minor of 4 which does not lie in P. Consequently, we obtain a matrix representation 
over RP of & which has the form 
where @;, is a (d - 1) x (n - l)-matrix. 
It follows, as above, that the sequence n’ = (nl, . . . , nd_ 1) is a &-admissible se- 
quence. Since M 2 1, n’ has exactly N equalities occurring amongst 
nl I ‘.. 5 nd-1. 
Applying the second inductive hypothesis (with j = M - 1 and k = N) to the & 
admissible sequence n’, gives H, (I$(&)) = 0 whenever * > N and p 2 n - d + 1. 
Hence, H*(KP(+)P) = 0 whenever * > N and ~2 n - d + 1. Consequently, the com- 
plex obtained by truncating W,(4) at degree N is exact locally at each prime ideal P in 
R with grade(P) I n - N - 1. Since the length of the truncated complex is at most 
n - N, it follows that H,(K,(4)) = 0 for * > N. 0 
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